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Abstract--The structure of soap films in the neighborhood of a singularity is studied by observing 
networks of minimal curves formed by the intersection of the film cone with a sphere. Questions of 
stability of the film cones formed by these networks are discussed. The existence of film cones other 
than portions of simple discs is shown for minimal surfaces embedded in spaces of dimension greater 
than 7. Uniqueness of soap films is studied by carrying out continuous transformations of a Douglas 
contour and obscuring the evolution of the spanning films under these transformations. Finally, the 
author introduces a method of studying the evolution of soap films by investigating graphs of their areas. 
Consider the geometry of soap films spanning a wire contour without closed bubble cycles. Of 
particular interest is the behavior of soap films near their singular points. Using the well-known 
Plateau principle, we can assume that in a sufficiently small neighborhood of each singular 
point, a minimal surface, i.e. a soap film, consists of a few smooth segments of a two- 
dimensional surface which can be considered to be approximately flat. As we will see, this 
property can be invalid for minimal surfaces of dimension greater than 2. There exist "multi- 
dimensional" singular points for which no neighborhood exists, consisting of flat segments. 
Let us go back to the two-dimensional case. Consider a sphere of small radius with center at 
the singular point and let us study its intersection of a finite number of smooth arcs lying on 
the surface of the sphere and forming a net on it. 
It is easy to become convinced that each segment of the arc must be a segment of some 
equator, i.e. a circumference obtained as the result of the intersection of a sphere and a plane 
through its center. In fact, since we consider that the film near a singular point consists of flat 
segments, they converge at the singular point, and the portion of the film inside the sphere is 
a cone with vertex at the singular point. The cone has as its "base" the system of smooth arcs 
forming a net on the sphere. A soap film lying inside the sphere is formed by all possible radii 
emerging from the center of the sphere and ending on the one-dimensional net. Some of these 
radii could be singular edges of a film where a few of its faces meet. A film is composed of 
a few segments which are portions of a regular plane disc. There exists a very simple relation 
between the lengths, l, of a one-dimensional net and the area, s, of the film lying in a sphere. 
It is clear that 
s = ½rol, 
where r0 is the radius of the sphere. It follows from this that the net consists of arcs of equators, 
i.e. geodesics of a sphere. If we assume that part of an arc is not a geodesic, then there exists 
a slightly deformed arc between the same end points but with a smaller length. Therefore, there 
exists a deformation which reduces the area of the film cone since a reduction of / implies a 
reduction of s. It follows that if a few smooth arcs of a net meet at a point on a sphere, their 
number is equal to three and the angles between them are 2"n/3. 
Let us pose the following question: What can be said about one-dimensional nets which 
are intersections of soap films and a small sphere with center at a singular point of a film'? The 
answer to this question will yield a description of the local structure of a film in a small 
neighborhood of its singular point not lying on the bounding contour of the film. 
Summarizing: (1) each smooth arc of a net is a segment of an equator; (2) at each singular 
point of a net, its node, only three arcs can meet and they form angles 2"rr/3. This enables us 
to list all possible configurations[2], i.e. nets on a sphere. There are exactly ten such config- 
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urations, and they are illustrated in Fig. 1. In order to convince ourselves that there are no other 
nets, it is sufficient o use some elementary considerations of spherical trigonometry. 
Let us now consider the following question. Can all these configurations be realized as 
intersections of soap films with a small sphere centered at a singular point? The answer is that 
most of the indicated configurations cannot. Of course, if we consider cones over these nets 
with vertexes at the center of a sphere, they then have zero mean curvature at all of their regular 
points and therefore are minimal surfaces almost everywhere. These cones are shown in Fig. 
1. In other words, if we neglect some set of measure zero, then we can say that they are two- 
dimensional minimal surfaces. However, singular points of a film cannot be ignored, and the 
conditions of stability and minimality impose stringent restrictions on the structure of singularities 
of soap films, especially if we are interested in stable films. The main interest for us is in films 
which are minimal in the following sense: any small disturbance does not reduce the area of 
the film. Most of the cones in Fig. 1 are not minimal according to this definition. First of all, 
it is clear that the first three surfaces, which include, respectively, a plane circumference, three 
arcs meeting at equal angles at two vertices, and a regular tetrahedron, are stable minimal films. 
Second, it turns out that the other cones are not minimal. For each of them, there exist reducing 
deformations (disturbances that reduce area). In addition, the vertex of the cone is exploded 
into more complicated topological configurations having singular points satisfying the Plateau 
principle. Figure 2 illustrates actual soap films that are obtained in an attempt to realize minimal 
surfaces with the boundaries hown in Fig. 1 (for details see [2]). The structure of these surfaces 
are quite complicated, but all their singular points are located either on threefold singular edges 
or are fourfold singularities at which four edges of a film meet at equal angles. An interested 
reader, using patience and care, can obtain soap films of these described topological types from 
the wire contours shown in Fig. 1. These films [of types (a), (b) and (c)] are stable, and any 
small disturbance does not decrease their area. The films shown in Figs. 2(d)-(j) can no longer 
be considered "smal l "  because, as we previously discovered, they do not model the structure 
of an infinitesimal neighborhood of a stable singular point on a soap film. By contrast, the first 
three films, shown in Figs. 2(a)--(c), can be transformed by similarity (contraction with 
the center at the origin) into themselves, reducing their size. These films are models of the 
structure of a film in an infinitesimal neighborhood of a singularity. This discussion touches 
on the interesting question of minimal cones in R" with vertex at the origin having as their 
"base"  (boundary) a minimal submanifold, A"-2, in the standard sphere S "-~. 
Consider, in R ~, the sphere S"- l of radius R with center at the origin, and let A"- 2 be an 
(n - 2)-dimensional compact submanifold in the sphere which is almost everywhere (with the 
exception of a set of points of measure zero) a smooth (n - 2)-dimensional submanifold in 
the sphere, Consider the cone CA with vertex at point O and base A. The cone is generated 
a b c d e 
f g h i j 
Fig. 1. The ten possible minimal one-dimensional ets formed by the intersection f a film cone by a sphere. 
Only l(a), (b) and (c) form stable film cones. 
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Fig. 2. Actual soap films having boundaries shown in Fig. 1. Figures 2(a)-(c) correspond to Figs. l(a)-(c) and 
are models of film cones in an infinitesimal neighborhood of a singular point. Figures 2(d)-(h) correspond to 
Figs. l(d)-(h) and cannot be considered as models of films in a small neighborhood of a singular point. 
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by radii from the center to the points of the set A. Let us fix the boundary A of cone CA and 
assume that the cone is a minimal surface in the sense that any disturbance of it, not altering 
the boundary, increases (does not decrease) the volume or area in the two-dimensional case. 
The disturbance of the cone is understood to take place in the above sense. It is quite clear that 
for any choice of boundary A, cone CA is minimal. If cone CA is a minimal surface in R", 
then its boundary A is a minimal surface in sphere S n- 1 at all its regular points. 
In particular, with the exception of the set of points of measure zero, boundary A is, 
locally, a minimal submanifold of the sphere, i.e. its mean curvature vanishes. It follows from 
elementary integral properties that the (n - 1)-dimensional volume of cone CA is connected 
with the (n - 2)-dimensional volume of its boundary A by the following relation: 
R 
VoI,,_, CA - - -  Vol,,_: A, 
n - 1 
where R is the radius of the sphere. Therefore, any small disturbance of the boundary reducing 
its volume induces (along radii) a corresponding disturbance of the whole cone, reducing its 
volume. Thus, if we allow the existence of reducing deformations for the boundary, then there 
exist reducing deformations for the whole cone, which contradicts its assumed minimality and 
proves the statement formulated above. It follows from this that the intersection of a two- 
dimensional soap film with a sphere of infinitesimal radius, with center at a singular point of 
a film, can be considered as consisting of arcs of equators meeting each other at threefold points 
at equal angles. 
For simplicity, we restrict ourselves to the case where the boundary of the cone is a smooth, 
closed submanifold on a sphere. The question is, does there exist, in R", cones with vertex at 
the origin and minimal in the sense that any small disturbance of them increases their volume? 
The simplest such example is the standard plane (n - 1)-dimensional euclidean disc passing 
through the origin and intersecting the sphere along an equator. Because of this example, we 
will sharpen our question. Do there exist nontrivial minimal cones distinct from the standard 
plane disc? The answer is so unexpected that we will discuss it in a little more detail. It is clear 
that in a three-dimensional euclidean space R 3, there do not exist any minimal cones (with the 
exception of plane discs) having as the boundary a smooth one-dimensional submanifold (a 
curve). This follows from the facts that the boundary must be a curve made up of locally 
minimal lengths and all geodesics on a sphere must be great circles. Therefore a cone is a plane 
disc. With increasing dimension of the sphere S"- ~, we will get locally minimal submanifolds 
A"-2 not coinciding with equatorial hyperspheres. For example, in the sphere S 3, in addition to 
regular equators there is the locally minimal two-dimensional torus embedded as follows. Let 
S 3 C R 4 = C2(z, w),  then torus T 2 can be given as the intersection of this sphere, S 3 = {Izp + 
Iwl 2 -- 1}, with the surface, M 3 = {Izl -- Iwl}. m sphere is a union of two half-spaces: Izl 
[w] and [z t >- Iwl. A torus is their common boundary. If + and ~ are angle coordinates, then 
points of the torus are given as follows: 
1 
(z, w) = ~ (e ~*, ei*). 
The metric induced on the turns is a fiat euclidean metric since 
dz d~ + dw d~; = ½(d~ 2 + d~j2). 
It is easy to check that this torus is a locally minimal surface (i.e. a soap film without boundary) 
in a sphere. However, one can be convinced that a minimal surface, located inside a sphere 
and having a torus as its boundary, is not a cone. It turns out that in R 4, as it was in R 3, there 
are no nontrivial cones with center at the origin. If the dimension increases, the picture changes. 
If the dimension is sufficiently high, there exist minimal nontrivial cones[6]. In order to obtain 
an intuitive notion of this interesting fact, we will consider, for definiteness, a boundary A n-2 
of some fixed topological type. The simplest manifolds, after spheres, allowing locally minimal 
embeddings in a sphere are products of spheres, S p x S q, where p + q = n - 2. 
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Let n = 2, and consider a circumference S ~ and A = S O x S O C S ~ shown in Fig. 3. In 
this case, a cone with boundary A is a union of two parallel segments, a "one-dimensional 
cyl inder" as shown in Fig. 3. Now let n = 3. Let us take S ~ x S O as the boundary A in the 
sphere S 2. It is clear that a two-dimensional cone with boundary A is not minimal as before 
since there exists a reducing deformation in a neighborhood of the vertex, decreasing its area. 
As a result of this variation, the singular point, the vertex of the cone, is decomposed and 
becomes a circumference with the neck of a catenoid, an actual minimal film with boundary 
S ~ x S ° (pairs of circumferences). Comparing a two-dimensional minimal film (a catenoid) 
with a one-dimensional fi m (two parallel segments), we note that the two-dimensional film 
sags in the direction of the origin, unlike the one-dimensional film. It turns out that this sagging 
of a minimal film in the direction of the origin increases with increasing dimension. Consider 
S 3 and the torus T -~ in it described above as the boundary of the cone. One can determine that 
a three-dimensional minimal film has a narrower neck than the two-dimensional catenoid, as 
shown in Fig. 3. In the first column of Fig. 3 we illustrate hypothetical cones with boundary 
S ~' x S", in the second column we illustrate actual minimal surfaces with the same boundary, 
and in the third column are shown flat sections (generators) of these minimal surfaces by two- 
dimensional half-planes passing through the axes of symmetry of the surface. A symmetric 
cross section takes the form of a curve that, with an increase of dimension, sags more and more 
towards the origin O. Therefore, in this monotonic process, there will be a point where the 
symmetric minimal surface sags so much that its neck contracts to a point, and the symmetric 
film becomes a symmetric one. This happens tarting with dimension 8. For dimension 7 or 
less, there do not exist minimal nontrivial cones distinct from plane discs[l,2,14]. 
We make the following important statement[14]. Let A " -2  be a closed smooth locally 
minimal submanifold (i.e. multidimensional soap film) in the sphere S"- ' standardly embedded 
in R". Let A not be an equator. Then, for n -< 7, the cone CA [i.e. (n - 1)-dimensional surface 
generated by all radii from the origin to the points of the manifold A] is not minimal; in other 
words, there exists a reducing deformation of the cone decreasing its volume. 
mi° 
4 _ ~ n ~ 7  • . 
Fig. 3. Relation between soap films embedded in a sphere 
and dimension. Inthe first column are hypothetical ones 
with boundaries in S" x S q. The second column illus* 
trates actual soap films with the same boundary. The Fig. 4. Two catenoids and a pair of plane discs spanning 
third column shows flat sections of the minimal surfaces two coaxial parallel circumferences as an illustration 
by half-planes passing through axes of symmetry ofthe of the nonuniqueness of soap films spanning a given 
surface, contour. 
CAMWAI 2:3/4B-U 
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Now let us consider the question of the change of topological type of minimal surfaces 
depending on their stability or instability. Generally speaking, several different minimal surfaces 
(soap films) can span the same contour. We are already familiar with such cases. For example, 
we can span three distinct soap films on two coaxial parallel circumferences: two catenoids and 
a pair of plane parallel discs, as shown in Fig. 4. The uniqueness ofa soap film can be guaranteed 
for the case of plane closed non-self-intersecting contours, i.e. contours realized in the form of 
a system of curves embedded in a plane. It is clear that any film different from a portion of a 
plane and bounded by these curves has a greater area than a planar film. In addition, we can 
consider two variational problems: finding films of the smallest area given a contour, and finding 
minimal films of the minimum topological type (i.e. simple type). We have not excluded the 
case of a film having minimal area not being of minimum topological type. Conversely, a
minimal film of the minimum type could be a film not having minimal area in the class of all 
films with a given boundary. In other words, the absolute minimum of the area can be reached 
on films of nonminimum topological type, as shown in Fig. 5. If pairs of circumferences near 
symmetric ontours are close enough, then the area of the first film is less than the area of the 
second one. At the same time, the first film is homeomorphic to the torus with one hole as 
shown in Fig. 5, i.e. it has a topological genus equal to 1. The second film is homeomorphic 
to a disc (also shown in Fig. 5), and because of this it has topological genus 0. The genus is 
the number of handles on a film. 
Consider the symmetric ontour in Fig. 5 (the so-called Douglas contour). It is quite 
suitable for the purpose of studying nontrivial evolutions of minimal surfaces and changes of 
genus depending on stability or instability of soap films. It is clear that a symmetric ontour is 
homeomorphic to a circumference. We will assume that a contour is realized in R 3 in the form 
of a closed curvilinear wire. Let u and v be the distances between the upper and lower rings, 
as shown in Fig. 5. For each fixed condition of the contour, there exist, generally speaking, 
several types of minimal surfaces. Our goal is to investigate their evolutions under deformation 
of the boundary contour. This problem was considered by T. Poston in [4]. The author considered 
this problem from another point of view. He studied the behavior of areas of soap films under 
deformations of a contour and constructed graphs of the areas which are multivalued functions 
of some interesting topological structure. In addition to an analytical investigation based, in 
particular, on [5], the author, together with A. A. Tuzhilin (a student of Moscow State University) 
made a series of physical experiments with symmetric soap films. In these experiments, the 
following soap films were obtained: (a)-(e) of Figs. 6, 7, and 8 and the films (f)-(h) of 
Fig. 9. 
I I! 
c cl 
Fig. 5. Two soap films spanning the contour on the left. Fig. 6. The evolution of soap films as a result of con- 
The film in the middle is homeomorphic to a torus while tinuous transformations of a symmetric ontour (the 
the film on the left is homeomorphic to a disc. Douglas contour). 
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Fig. 7. See caption to Fig. 6. Fig. 8. See caption to Fig. 6. 
Films of types (b)-(e) are homeomorphic to a disc. Films of type (f) are not manifolds 
that can be contracted along themselves toa point like the films of types (b)-(e). We will restrict 
ourselves to the study of soap films (b)-(e), i.e. of films of the disc type. T. Poston in [4] 
indicated the following evolution of these films generated by a continuous deformation of the 
contour. 
Take film (b) and deform the boundary contour (at the beginning symmetrical), implying 
a deformation of the soap film spanning this contour as shown in Fig. 7. Let us move the two 
lower circumferences apart step by step. We can assume that his process approximately coincides 
with the dilatation of a catenoid when two of its sides are moved away from each other. Here 
we use the fact that if the initial distance of the circumferences from each other is small enough, 
then a soap film (a strip spanning each pair of circumferences) is well approximated by a 
catenoid. During an elongation of the catenoid, there will be a critical moment when the catenoid 
is reconstituted into a pair of discs spanning two circumferences moving away from each other 
(symmetric ontours). However, in our case, these two discs are still connected by a narrow 
strip stretched over the two upper circumferences, which are influenced to a lesser degree by 
the described eformation. As a result, we obtain the film shown in Fig. 7. Now moving the 
two lower circumferences in the opposite direction and returning them to the initial position, 
we do not change the topological type or genus of the film and arrive at film (c). Therefore, 
we have illustrated a continuous deformation of a contour, resulting in a step change of the 
soap film. It changed its genus from position (b) to position (c). 
Using the symmetry of the contour, we can, similarly, make a transition in the opposite 
direction from soap film (c) to film (b). For this, it is enough to perform the operation indicated 
above on the two upper circumferences: first moving them away from each other, and finally 
Fig. 9. See caption to Fig. 6. 
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retuming them to the initial position. In the process of deformation, the film is reconstituted 
stepwise and soap film (c) transforms to film (b). This "pendulum" can be repeated many 
times if the soap film is formed from a sufficiently elastic liquid. Along with the described 
stepwise volution of a film, there is another emarkable deformation of the boundary contour, 
resulting in a smooth change of a film with the same final result(!) In fact, consider soap film 
(b), and unlike the previous case, start to move the upper circumference apart, as shown in 
Fig. 8. As a result, we obtain a symmetric film of the saddle type; its center is a saddle point. 
The film goes up in one direction and down in another. This deformation is smooth without 
jumps. 
Since film (e) is symmetric, applying the same operation to it, we can smoothly transfer 
it to film (c). Similarly, by repeating all these steps in the opposite direction we can smoothly 
transform film (c) to film (b) without jumps or change in topology. Therefore, in the space of 
all surfaces with homeomorphic boundary contours, we obtain two essentially different ways 
of joining positions (b) and (c). The first way was realized by the smooth deformation of a 
contour, in the process of which the film was subject o a step change. The second way is 
realized by another smooth deformation, in the process of which the film evolves without jumps, 
but exactly as in the first case, the film transforms from position (b) to (c). 
As the first approximation, we can assume that the described eformations of contours can 
be expressed by a variation of two parameters: u, the distance between the two upper circum- 
ferences, and v, the distance between the two lower circumferences. In other words, u and v 
are the widths of upper and lower ring strips on surface (a) as shown in Fig. 6. We can assume 
that each position of the boundary contour is determined by a pair of real numbers which, for 
purposes of visualization, we can consider to be a point in a two-dimensional plane. 
T. Poston[4] suggested a way to describe this process with the help of the (so-called) 
Whitney assembling. However, we decided to approach this problem from another point of 
view: to investigate properties of graphs of the areas of soap films. It turns out that the picture, 
so obtained, is described by the "swallow tail." Let us state this problem more precisely. 
For each point (u, v) we have the corresponding contour which is, generally, spanned by 
several soap films. Calculating their areas, we get a graph of a multivalued function specifying 
the areas of the soap films with the given boundary. There are two kinds of films, stable and 
unstable. Among the films listed above, film (d) is unstable. All others are stable. Consider 
the unstable films in greater detail. We will use one of Plateau's physical principles, according 
to which a part of a minimal film bounded by a closed contour, drawn on the film, is also 
minimal with respect o this contour. In actual physical experiments, unstable films can be 
obtained as follows: The instability of a film means that there exist arbitrarily small disturbances 
that destroy the film or force it to change its position with respect o the boundary contour. At 
the same time, if one is able to locate, on the film, sufficiently many filaments with ends fixed 
to the contour, then one can achieve stability if the net of filaments is sufficiently dense. 
In other words, we can attempt o keep an unstable soap film in a stable position by 
increasing the contour, adding a net of filaments to the initial contour. Take, for example, 
unstable film (d) shown in Fig. 6, spanning acontour to which a filament is attached [as shown 
in Fig. 10(a)]. Let this filament lie freely on the film, i.e. no forces act on it. Let us slightly 
deform the contour by moving the right circumferences apart. We find that a portion of the 
film sags to the left, and the filament stretches, becoming a singular edge of the film and 
keeping it in the equilibrium position, not allowing further deformation. Similar events happen 
if one moves the left circumferences apart (in this case the filament sags to the right and 
stretches) to the middle position, i.e. on film (d) the filament is not stretched. If, at this critical 
position of the film, we remove the filament from one end (instead of fixing the second end of 
the filament o the contour, we keep it in our hand), giving it a small initial impulse, then the 
film jumps to condition (b). In order to show that for each condition of the contour (for small 
u and v) there exists an unstable film of the type (c), we proceed as follows. Take film (b), fix 
a filament o one point of the contour as shown in Fig. 10(b), and start to pull the filament, as 
shown in Fig. lO(c). Very soon, we obtain a critical position of the film in which the film 
becomes ymmetric. Here symmetries of soap films play a big role. 
If we continue to stretch the filament, there will be a jump of the film and the filament 
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Fig. 10. (a)-(c) Stabilizing soap films of types (a)-(c) by the addition of filaments. (d) Change of area of the 
film as a result of transformation f the boundary contour. (e) Graph of the multivalued function describing 
areas of soap films of a given topological type. The surface obtained and the corresponding singularity is called 
a swallow tail. 
sags to the left. if, while we are in a critical symmetric position, we release the filament giving 
it a large impulse, then the film returns to the previous position (b). 
Now consider the position of our system [u0, v0, (b)] where parameters u0 and Vo are not 
very large and let us smoothly increase v. Film (b) sags strongly to the center, and finally there 
will be a condition in which, under further small increases of v, the film begins to move 
independently under the forces of surface tension of the liquid, changing to condition (b) by a 
jump and with an almost unchanged boundary contour. If we now decrease parameter v to its 
initial value, the film will have no jumps. It keeps its type (b), which was obtained as the result 
of the jump. Because of the brevity of this paper, we will skip the details and given only the 
final graph of the change of area of the film under these deformations [Fig. 10(d)]. The details 
can be found in the author's book[8]. The exact proof is based on the results of [5]. 
The final result of our analysis is shown in Fig. 10(e). The graph of a multivalued function, 
describing the areas of soap films of a given topological type, is shown in this figure. The 
surface obtained and the correesponding singularity is called a swallow tail. 
It is known that any smooth mapping of a three-dimensional manifold is approximated by 
mappings having only Whitney singularities of the following forms: pleat, assembling and 
swallow tail[15]. A swallow tail can be represented asa surface in three-dimensional space of 
polynomials of the form 
X4 q'- ax2 + bx + c, 
consisting of points (a, b, c), corresponding to polynomials with multiple roots. 
Let us return to the graph of the area of soap films. In Fig. 10(f) we find the interesting 
possibility of a transition from condition [u, v, (b)] to condition [u, v, (c)] with the help of 
jumps as well as smoothly (continuously). The first way is the rise to a singular edge [the path 
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to the right in Fig. 10(f)] and afterwards " fa l l ing"  from a point on the edge to a point of type 
(c). The second way, we go smoothly down from point (b) along a leaf of the graph, around 
a singularity of the graph, and we come to point (c). 
Thus, unstable soap films of type (d) fill (from the point of view of the graph of its area) 
the upper triangle of the swallow tail, and the descending wings of the graph correspond to 
stable soap films (b) and (c). 
As we see, the symmetry of soap films and the algebraic properties at extremals of the 
variational problem connected with this symmetry play special roles in this topological picture. 
For more details concerning the role of symmetry in multidimensional variational problems, 
see the author's books[7-9].  
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